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COHOMOLOGY OF OPERATOR ALGEBRAS, III.
REDUCTION TO NORMAL COHOMOLOGY

BY

B. E. JOHNSON,
R. V. KADISON np J. R. RINGROSE.

1. Introduction

We continue our study, begun in [7], [8], of the (topological) cohomology
of operator algebras. We consider two cohomology theories, the norm
continuous, and the normal (ultraweakly continuous), the -corres-
ponding cohomology groups being denoted by H? and H”, respectively.
In our terminology and notation, we follow [7]. The two earlier articles
in this series are concerned primarily with the norm continuous case.
The present paper deals mainly with normal cohomology, and with
its relationship to norm continuous cohomology. We prove, in Sections 5
and 6, that H% (A, on) = H? (W, o) = H: (A~, M), whenever A is a
C*-algebra acting on a Hilbert space and Ot is a dual normal 2A—-module.
As an application of these results, we show (Corollaries 6.5 and 6.4)
that H? (R, o) = 0 whenever the von Neumann algebra R is either
type 1 or hyperfinite, and o1t is a dual normal ®-module; this had been
proved previously in the particular case in which oM = ® (|7], Theo-
rem 4.4; [8], Theorem 3.1; see also [5], Proposition 7.14).

In developing normal cohomology theory and relating it to the norm
continuous case, we need an extension theorem for n-linear mappings,
from a product of (concretely represented) C*-algebras into a dual
Banach space, which are (separately) continuous relative to the ultra-
weak and weak * topologies. Specifically, we prove, in Section 2, that
each such mapping extends, retaining the same continuity, to the product
of the corresponding von Neumann algebras. Although an extension
process of this type was used during the proof of [8] (Theorem 2.1), it
was possible in that particular situation to avoid the need of the full
form of the extension theorem.
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At one point we make use of a result of Takesaki [9] (Corollary 1),
which gives a characterisation of the ultraweakly continuous linear
functionals on a von Neumann algebra. Although originally stated in
a slightly different form, Takesaki’s theorem is (easily seen to be) equi-
valent to the following assertion : a bounded linear functional on a von
Neumann algebra R is ultraweakly continuous if, and only if, it is comple-
tely additive on projections. The proof given in [9] exploits the properties
of the universal representation of ®. In Section 3, we give a proof
within the framework of von Neumann algebra theory. For comple-
teness, we include an account of (the essentials of) the original argument
used in [9].

With U a C*-algebra and o1t a two-sided dual A-module, it was proved,
in [7] (Theorem 3.4), that each p in Z? (A, o) is cohomologous to a
cocycle ¢ which vanishes whenever any of its arguments lies in the centre €
of A. In Section 4, we show (Theorem 4.1) that this remains true when
€ is replaced by certain non-central subalgebras of . When U is
concretely represented and It is a dual normal A—!-module, Theorem 4.1
can be strengthened (Lemma 5.4) with the additional conclusion that s is
(separately) ultraweakly continuous.

We recall some of the notation and terminology used in [7],[8]. With %A
a Banach algebra and on a (two-sided) %-module, we describe o1 as a
Banach N-module if the bilinear mappings (A, m) >~ Am, (A, m)-—>mA :
A X M — o are bounded. By a (continuous) n-cochain, we mean a
bounded n-linear mapping from A XA X ... X A into M, and we denote
by C» (A, o) the linear space of all such n-cochains. The coboundary
operator, from C? (%, M) into C?** (A, o), is the linear operator A
defined by

(AP) (AO, ey An) - Ao p (A], ey A,l)

F XY p (Ao Ay Aji Ay Ay LAY
j=1

+ (— 1)”—‘—1 P (AO’ e ey An~1) An,

for p in C* (A, M) and Ay, ..., A, in A. We adopt the convention that
C (A, o) is om, and that (Am)(A) = Am—mA when medM and
AeW. Forn=1,2, ..., we define

B (U, M) = {Af:EeCrt (U, M) |,
Z: (U, om) = {peCl(A,oM): A0 =01

Elements of the linear space B” (A, o) are called n-coboundaries, while
the linear space Z? (A, o) consists of n-cocycles. Since A> = 0, we have
Bz (W, om) € Z2 (U, m); the quotient space

H? (A, 00) = Z» (A, o%)/Br (A, o)
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is called the n-dimensional (continuous) cohomology group of U, with
coeflicients in On.

With 2% a Banach algebra and o1t a Banach %-module, we describe o1
as a dual A-module if O is (isometrically isomorphic to) the dual space
of a Banach space o, and, for each A in %, the mappings m —~ A m,
m-—>mA : 0 — Ot are weak * continuous. If, further, % is a C*-alge-
bra acting on a Hilbert space 4¢ and, for each m in O1, the mappings
A—Am A->mA : A—-IM are ultraweak-weak*continuous, we
describe M as a dual normal A-module (the simplest example is obtained
by taking oM = UA~, the ultraweak closure of A). In the context of dual
normal modules, we denote by C7, (%, o) the set of all elements p of
C: (W, om) which are separately ultraweak-weak*continuous [with
C), (U, M) = om], and observe that A maps C”, (U, o) into C™* (A, ON).
‘We define

B, (A, m) = {A:£eClt (U, M)},
Zh, (A, on) ={peCr, (AW, M) : Ap =01,
H, (A, om) = Z7, (A, mM)/By, (A, ).

In this context, we refer to normal n-cochains, coboundaries, cocycles,
and we call H?, (%, M) the n-dimensional normal cohomology group.

The last two authors are indebted to the National Science Foundation
for partial support, and to Professor D. KasTLER for his hospitality at
the ¢ Centre de Physique théorique du C. N. R. S. a Marseille ”’, and at
the ¢ Institut d’Etudes scientifiques de Cargése (Corse) *’, during one
stage of this investigation. The second named author acknowledges
with gratitude the support of the Guggenheim Foundation.

2. Extensions of ultraweakly continuous multilinear mappings

After two preparatory lemmas, we prove the main result of this section
(Theorem 2.3), concerning the extension of n-linear mappings. When X
and Y are Banach spaces in duality, we denote by o (X, Y) the weak
topology induced on X by Y.

Lemma 2.1. — If A and B are C*-algebras acting on Hilbert spaces
ey, dCy respectively, and t is a bounded bilinear functional on A X B which
is separalely ultraweakly continuous, then t extends uniquely, without
change of norm, to a bounded bilinear functional t, on UA X B~ which is
separately ultraweakly continuous.

Proof. — For each A in %, the mapping B — 7 (A, B) is an ultraweakly
continuous linear functional S(4) on B, and (| S@A)[| (=[] 4]
By the Kaplansky density theorem, S (A) extends without change of
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norm to an ultraweakly continuous linear functional T' (4) on B—. Thus,
T is a bounded linear mapping from U into the predual (B—), of B—,
and || T|| <L |j7|. Moreover,

t(A,B)=<{T(A),B> (A€, BeY),

where < , > denotes the canonical bilinear functional arising from the
duality between (B~), and B—. Since 7 is ultraweakly continuous in its
first argument, for each fixed B in B, T is continuous as a mapping
from U [with topology & (U, (A7)y)] into (B), [with topology o (B~ ).,
B)].

With 9, the unit ball of ¥, it follows from [1] (Corollary II.9) that
T (A,) is relatively compact in the topology & ((B)4, B); so this topo-
logy coincides, on T (U,), with the coarser Hausdorff topology o ((B)x.
B). This, together with the final statement in the preceding paragraph,
shows that T is continuous as a mapping from A,, with the topology
o (A, (A )4), into (B),, with the topology o ((B)x, B).

With r, defined by

@ (A, B)=(T(A),B> (A€W, BeB),

7, is a bounded bilinear functional on A X B—, extends 7, and satisfies
(= T|ZL(l«( (whence, ||z, [| =] 7|). For each B in B—, the
linear functional A — 1, (A, B) on U is ultraweakly continuous on U,
(hence on U [3], Théoréme 1, p. 38), by the continuity property of T
established in the preceding paragraph. Ultraweak continuity of 7, in
its second argument, for each fixed A in %, is apparent since T (A) € (B ).
The uniqueness of such a bilinear functional 7, is an immediate conse-
quence of this continuity.

LeEmMma 2.2. — If A and B are C*-algebras acting on Hilbert spaces 3Cy,
#y respectively, N is the dual space of a complex Banach space I, and
o AXB — M is a bounded bilinear mapping which is separately ultra-
weak-weak * continuous, then p extends uniquely, without change of norm,

to a bounded bilinear mapping p : A X B~ — I which is separately ulira-
weak-weak * continuous.

Proof. — When me I and » €M, we write { m, » > in place of m (»).
With @ in Oty and [, defined by

(0] l, (4, B) =<{p(4,B),», (A€U, BeY),

l, is a bounded bilinear functional on A X B—, with || L, || = ||« .|| ¢
and is separately ultraweakly continuous. By the preceding lemma, I,
extends uniquely, without change of norm, to a bounded bilinear func-
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tional L, on A X B—, which is again separately ultraweakly continuous.
For each A in U and B in B—, the mapping § (4, B) : w - L,(A, B) is a
bounded linear functional on O, (that is, an element of J1), and
e B I<=lell-lA[.B. Since

(2 <P, B,»)=L,(A4,B) (2€My, AcU, BeB),

it is clear that g is a bounded bilinear mapping from A x B— into N,
with | g || < || ||, and is separately ultraweak-weak * continuous. Since
L., extends l,, it follows from (1) and (2) that p extends p (whence,
lefl=1pel) The uniqueness of this extension follows by ultraweak-
weak * continuity of 7 in its second argument.

Tueorem 2.3. — If Ay, ..., W, are C*-algebras acting on Hilbert
spaces ¥y, ..., 3, respectively, On is the dual space of a complex Banach
space M, and o : Wy X ... XW, - I is a bounded multilinear mapping
which is separately ultraweak-weak * continuous, then p extends uniquely,
without change of norm, fo a bounded multilinear mapping p
AT X ... XA, — O which is separately ullraweak-weak * continuous.

Proof. — We construct, in succession, multilinear mappings
0o (= 0)s P15 P2 ..., pn Wwith the following properties : p; maps
WX oo XWX Wiy X ... XU, into M, extends p,_, without change of
norm when k > 1, and is separately ultraweak-weak * continuous. This
proves the existence of a suitable p (= p,); and its uniqueness results
from the stated continuity properties.

Suppose that 1 = j < n, and suitable g,, ..., p;_, have been construc-
ted. For each fixed A, in A7, ..., A, in A;_,, A, ,in Wy, ..., A,
in A, the mapping A; — p;— (A4, ..., A,) of A, into I is ultraweak-
weak * continuous, and has norm not greater than

ol AT A (A e ) A [l

By weak * completeness of the unit ball in o1, together with the Kaplansky
density theorem, it extends without increase of norm to an ultraweak-

weak * continuous linear mapping A; —p; (A4, ..., A,)of W;into . It
is clear that p; is an extension of p;_; to a bounded multilinear mapping
from A7 ... XWX WX ... XUy, with [[p; ]| =g/, and that

o, is ultraweak-weak * continuous in its j-th argument. It remains to
prove the same continuity in the remaining arguments.

To simplify the notation, let B; denote A; when 1 =i < j, A; when
j<izZn With 1 <k<n and k+j, choose and fix A; in B, for
each i =1, ..., n other than j, k. The bounded bilinear mapping o :
A; X B — o, defined by

(3) g (A/', AA) = 0j (A“ ey A,,) = p; (Ai, ey An),
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is separately ultraweak-weak * continuous, by our assumptions concer-
ning p,_,. By Lemma 2.2, ¢ extends to a bounded bilinear mapping  :
A7 X B — M, which is again separately ultraweak-weak * continuous.

Using this continuity, of both p; and 7 in the variable A;, we deduce
from (3) that

5 (A AD) =05 (A .., A (A;€%5, AreB)).

Since the left hand side is ultraweak-weak * continuous in A;, the same
istrueof p; (A4, ..., Ay).

3. Ultraweak continuity and complete additivity of linear mappings

In [9] (Corollary 1), TAKESAKI exploits the properties of the universal
representation of a von Neumann algebra ® to characterise the ultra-
weakly continuous linear functionals on ® as those which are completely
additive (on families of orthogonal projections). We shall need this
result — or rather, an immediate consequence of it (Corollary 3.4)
characterising ultraweakly continuous linear mappings between von
Neumann algebras — in Section 5. It is surprising, at first glance, that
this basic result does not follow easily from the corresponding fact for
positive functionals. It seems worthwhile to have a proof entirely
within the framework of von Neumann algebras. We give such a proof;
and, for completeness, we include an account of (the essence of) Takesaki’s
original argument.

Suppose that ® and $ are von Neumann algebras, w is a bounded
linear functional on R, and £ is a bounded linear mapping from R into .

We say that o is completely additive if » (Z Ez) =2 w (Ey) for every
orthogonal family (E,) of projections in ®. Similarly, £ is completely
additive if Ei (E.) converges ultraweakly to E(ZE“>’ for each such

family (E.). It is clear that ultraweak continuity, of o or &, implies
complete additivity; the main results in this section establish the equi-
valence of the two conditions. Before proving these results, we require
some lemmas.

LemMA 3.1. — With E an (orthogonal) projeclion, distinct from 0 and 1,
on the Hilbert space #¢ and a, b, c¢ real numbers,

aE+b(I—E)+c¢[ETI—E)+ (I—E)T*E]>~0

for each T in the unit ball of 63 (), if and only if a and b are non-negative,
and ab > c*.
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Proof. — Given a, b and ab — ¢* are non-negative, and || T || £ 1,
alEzx,z>+b{(I—E)z, x>
+¢{ET(I—E)z,z>+c{(I—E)T*Ex,z)>
=a[|Ez[P+b[|(I—-E)z|’
+c[TU—E)zx, Ex>+{T*Ex,I—E)z>]
>allEz|* +b[(I—E)z[}
—2[c[[[I—E)z|.[Ez[=0,
for each x in ¢; since the quadratic form as® + b — 2| c| st is positive

semi-definite.
Conversely, suppose

aE+b(I—E)+c¢[ETUI—E)+ (I—E)T*E]>~0

with T* a partial isometry having initial and final projections one-dimen-
sional, dominated by E and I — E respectively. Restriction to the
two-dimensional subspace generated by the corresponding one-dimensional
subspaces yields a positive operator H. Considering the matrix of H
(relative to the obvious orthonormal basis), we conclude that a and b are
non-negative and ab > c.

LemMa 3.2. — Suppose that w is a bounded hermitian linear functional
on a von Neumann algebra ®, and + is a real number.

(i) If o (A) > = for some positive A in the unit ball of R, then there is a
projection E in ® such that w (E) > wn; moreover, E can be chosen so that
o | E ® E is a positive linear functional if w is completely additive.

@ii) If | w (F)| < m, for every projection F in R, then || w || < 4 7.

Proof. —

(i) By the spectral theorem, there exists an orthogonal family
(Ei, ..., E,) of projections in R, and scalars 4,, ..., 4, in (0, 1), such

that || A — 2 B, [| < |||~ (» (A) —n). Thus

w(A)— XN E)<o@)—n  PhoE)>n

Jj=1 j=1

Renumbering if necessary, we may suppose that o (E;) >0 (1 < j = m)
and o (E;) £ 0 (m <j < n), for some m with 0 = m <n. With

E _—_ZE,-,
Jj=1

0 (EB) =Y 0 E)=D N0 E)=F)oE) >
j=1 j=1

Jj=1
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If w is completely additive, let (F,) be a maximal orthogonal family of
subprojections of E in R such that o (Fy) < 0; andlet E, = E —E F,.

By the maximality assumption, o (F) > 0 for every subprojection F
of E, in ®, so w | E; R E, is a positive linear functional. Furthermore,

o (Ey) = o (E) — <2Fa> :m(E)—Zm(FG)ém(E)> -

(i) If |w (F)| <", for every projection F in ®, it follows, by
applying part (i) to both v and — o, that |w (A)| < for every
positive A in the unit ball ®, of ®. Each R in ®, has the form
R=A, —A, +i(A,—A)), with A; a positive element of R,, and

[0 (R) | ZY| 0 (4))| < 4n.

j=1

THEOREM 3.3. — Each bounded completely additive linear functional o
on a von Neumann algebra R is ultraweakly continuous.

Proof. — We recall that the ultraweakly continuous linear functionals
on R form a norm closed subspace R, of the Banach dual space ®* of R,
and that a positive linear functional lies in ® . if and only if it is completely
additive ([3], Théoreme 1, (iii), p. 38; Exercice 9, p. 68). Given any
completely additive element » of ®* (not necessarily positive), we shall
prove that we ®, by showing that « can be approximated in norm by
elements of R,. Since the hermitian and skew hermitian parts of o are
completely additive, we may suppose, without loss of generality, that w
is hermitian and || o || < 1.

If
“4) p=sup{w(d):A=A%eR,0A 1},

then 0 Zp < ||w(l<L1. Given ¢ such that 0<Eé2, there is a

positive operator E, in the unit ball of ® such that w (E)) > p—-.
By Lemma 3.2 (i), we may suppose that E, is a projection, and » | E;, ® E,
is a positive linear functional. Since » | E; ® E, is also completely addi-
tive, it is ultraweakly continuous. With E, =1 —E,, » is the sum of the
four linear functionals w; (j , k = 1, 2), defined by w;: (R) = » (E; RE)),
and v, € R,. Note also that, if F'is any projection in R satisfying F —E,,
then, by (4),
0 (F) =0 E+F)—oE) <p—@—z) ==

We show next that || w,» || and || w., [| are small. For this, suppose that
T is in the unit ball of R, and let

S=(1—¢) E, +:E + ¢ (1 —:)* (B, TE, + E: T* E,),
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so that
a 1
I —S=:E +(0—¢)E,—:*(1—¢:)*(E,TE, + E, T*E)).

By Lemma 3.1, both S and I — S are positive; so 0 < S < I, and (4)
implies that

Exo(S) =0 —¢ o (E)+ w (E) + s‘l"(l -——s)%co(El TE, +E,T*E))
(1 — ) —c)—c + 267 (1 — <) Rew (E, TEy)
Sp—(p 4+ 2+ 2 (1 —e)? Rew (E, TE).

Since p <1 and 0 < séza

Re o2 (T) = Re  (E, TE,)

1 ' -
Z 5+ (10— =3y

This last inequality is valid for all T in the unit ball of ®; 50 || w, [| = 3 V¢,
and similarly || 0. | = 3Vz. Thus

®) o — o — o[ = [lws + 0o [| Z 6 Ve.

We prove next that || ., + o, [| == 4¢ + 6/c, for some o, in R,.
For this, we consider the restriction v = —w | E, R E,, which is a
completely additive linear functional on E, R E, satisfying || v||<1 and
v (F) > —¢ for each projection F in E, ® E,. By applying to v the
argument used above for w, we deduce the existence of projections F,
and F, in E, ® E,, with sum E,, satisfying the following conditions : if,
for j, k=1, 2, a linear functional v;; on E, R E, is defined by
v (S) =v (F; SF}) (S€ E, R E,), then v, is ultraweakly continuous,

(6) “ V=Y, — Vg “ 6 \/E

and v (F) < ¢ for each projection F in E, ® E, such that F —~ F,. This
last inequality, together with our previous result in the reverse direction,
shows that | v (F) | < ¢ for each projection F in F; ® F,. By Lemma 3.2
(ii), || v | Fo ® Fy || < 4 ¢; whence

[ve2 (S)| = |v (F: SFy) | =4 ¢ || F. SFy [| =4 ¢ S|
(S€E, R E;), and || vs. || = 4¢. This, with (6), yields

[v—vi1| =4c+ 6.

BULL. SOC. MATH. — T. 100. — Fasc. 1 6
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With w,, defined by w, (R) = v, (E: RE;) for R in R, we have w,e R,
and
| (@0 + ©2,2) (R)| = | v1,1 (B2 RE:) + w (E: RE,) |
= (1,1 —v) (E: RE)) |
Z|[[vi1—v .l E; RE, ||

= (4:+6Vc)[|R| (Rew).
Thus || @y + @y [| <4 & + 6\/g and, by (5),
|o—wi1 + o ZL4e + 12\/g.

Since R, is closed, and the above construction of w,, w,, in R, is possible
for each positive ¢, it follows that w € R,.

CoroLLARY 3.4. — Each bounded complelely additive linear mapping
£, from a von Neumann algebra R into another such algebra s, is ultraweakly
continuous.

Proof. — Suppose w € S,. For each orthogonal family (E,) of projections

in R, Z £ (E,) converges ultraweakly to & <Z Ea>, and thus

o (:(ZEe)) = B o € ED.

It follows that the linear functional wo%: A — o (§ (4)) on R is comple-
tely additive. By Theorem 3.3, wo£ is ultraweakly continuous. Since
this is so for each w in 8, £ is ultraweakly continuous.

ReMaRK 3.5. — Suppose that o is a bounded linear functional on a
von Neumann algebra ®, whose restriction to each maximal abelian
subalgebra of R is ultraweakly continuous. With (E.) an orthogonal
family of projections on R, there is a maximal abelian sublgebra &t of ®
which contains each E,. The ultraweak continuity of the restriction

o | @ implies that o <2 E“> = E o (E2); so w is completely additive.

By Theorem 3.3, » is ultraweakly continuous on ®. Thus Theorem 3.3
implies the following result of Taxesaxki ([9], Corollary 1) (and is, essen-
tially, equivalent to it). We conclude this section with a second proof,
closely parallel in its broad outline with the ideas used in [9].

THeoREM 3.6. (TakEsaki). — A bounded linear funclional » on a von
Neumann algebra ®, whose restriction to each maximal abelian sulalgebra
of ® is ultraweakly continuous, is ultraweakly continuous on R.
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Proof. — Since it suffices to prove the result for any von Neumann
algebra isomorphic to ®, we may assume (just as in the proof of [8],
Theorem 2.1) that ® = R, P, where R, acting on ¢, is the universal
representation of ®, and P is a central projection in ®7,. Since R is
ultraweakly closed, ® = R, P = R, P.

When we refer to the ultraweak topology on ®, or Ry, we mean the
one arising from the action of those algebras on #¢,. By the ultraweak
topology on R (= ®, P € R,), we mean the one arising from the
action of ® on P (4¢,), and this coincides with the restriction to R of the
ultraweak topology on ®7.

With f a bounded linear functional on R, we denote by f» the bounded

linear functional A — f(AP) on R,, and by f» the extension of f» to an
ultraweakly continuous linear functional on ®;. Since R = R, P C Ry,
the restriction fp | ® is an ultraweakly continuous functional on ®.

If f is ultraweakly continuous, then so is the linear functional g¢ :
A — f(AP) on ®;. Since g and fp have the same restriction, fp, to ®,,
their ultraweak continuity entails ¢ = f,. Thus

fr(AP) = g(AP) = f(AP)  (Ae),

and so f= fp| ®. This, with the preceding paragraph, shows that f
is ultraweakly continuous if and only if f = f, | R.

Accordingly, we have to show that w = wp| ®R. As in the proof of
Theorem 3.3, we may assume that o is Hermitian, and the same is then
true of w — (wp| R) (= ¢g). Furthermore,

()  g(AP) = w (AP)—@p (AP)
= wp(A) —ap (AP) = wp (A — AP)  (A€R).

Since » and wp | R are completely additive (wp | R, because it is ultra-
weakly continuous), the same is true of g.

If g # 0, then ¢ (E,) = 0 for some projection E, in ®; we may assume
g (Eo) > 0. The ¢ exhaustion ” argument, used during the proof of
Lemma 3.2 (i), now shows that ¢ | E; ® E, is a non-zero positive linear
functional (and, of course, completely additive), for some non-zero subpro-
jection E; of E, in ®. It follows that g| E, ® E, is ultraweakly conti-
nuous (see the first sentence of the proof of Theorem 3.3). Hence the
linear functional h : A — g (E, AE)) on R is non-zero and ultraweakly
continuous (whence, h = hy| ®). By (7),

hy (A) = hp (A) = h (AP) = g (E, APE,) = o, (E, AE, (I — P)),

for each A in ®,. By the ultraweak continuity of h, and wp, we have
hp (A) = @p (E, AE, (I —P)), for all A in ®;. Thus hp (AP) =0
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when Ae®,. It follows that
h :ilpld{ =Bl)|0{;P =O,

contradicting our earlier conclusion that h 0. Thus ¢ =0and w = op| R.

4. Adjustment of cocycles relative to an amenable subalgebra

With U a C*-algebra and it a two-sided A-module, [7] (Theorem 3.4)
asserts that each p in Z7 (U, O1t) is cohomologous to a cocycle which
vanishes whenever any of its arguments lies in the centre ¢ of A. In
this section, we obtain a stronger result of the same type (Theorem 4.1),
in which U is a Banach algebra and € is a closed subalgebra (not neces-
sarily central) which is amenable in the sense of [5] (Section 5). Before
proving this theorem, we recall and slightly augment some results from [5].

Let % be a Banach algebra. Elsewhere, in [7], [8] and the present paper,
we assume for simplicity that our 2-modules o1t are unital (1 m=m1 = m
for each m in O1), when U has an identity element 1. This assumption
is not in force in the present section : the discussion in [5] (Section 1 (c))
shows that the choice between using unital or more general modules is a
matter of minor convenience only. Suppose that On is a two-sided dual
A-module, so that O is (isometrically isomorphic to) the dual space of
a Banach space O,, and the linear mappings m—>A m, m—- mA :
I — O are weak * continuous, for each fixed A in A. In view of this
continuity, these mappings are the adjoints of certain bounded linear
operators acting on J1t,, which we denote by ® - A, w -~ A », respec-
tively. In this way, o1, acquires the structure of a Banach -module.
Thus the class of * dual A-modules ’, considered in [7], [8], coincides with
the class { &* : & is a Banach %-module }, used in [5].

We denote by {, > the bilinear functional on I XN, arising from
the duality between On and Jlt,. With p a positive integer, C? (%, on)
is isometrically isomorphic to the dual space of the projective tensor
product A QAR ... YA My, an element £ of C” (U, Jn) correspon-
ding to the linear functional ¢, defined by

g(A1®-~-®Ap®w)=<E(A“ e Ay, 0,

forall A, ..., A4, in A and o in IN,. We recall, from [5] (Section 1 (a))
that C? (U, on) has a dual A-module structure defined by

(A0B) (Ars - s Ap) = AvE (Ass .0 A)),
p—1
®) ] CA)Anr - A) =D (1 e Ay Ay Apisy Ajusy ., Ay

j=0

+ (_— l)p E (AO, c ey Ap—1) Ap.
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Furthermore, H:*7 (A, M)~ H (A, C2 (A, M)), n=1, 2, .... The
ideas just described are analogous to methods, used by HocHscHILD
([4], Section 3), in the purely algebraic setting.

We recall, from [5] (Section 5), that a Banach algebra U is said to be
amenable if H) (A, M) = 0, for every two-sided dual A-module OIN.
This condition entails H? (A, M) =0(n =1, 2, ...), for each suchan,
in view of the discussion in the preceding paragraph. Postliminal
C*-algebras (in particular, abelian ones) and uniformly hyperfinite
C*-algebras are amenable ([5], Theorem 7.9, and remarks, following the
proof of Lemma 7.13; [8], Corollary 3.4).

With % a Banach algebra, ot a two-sided dual A-module, and k a
positive integer, C* (U, J1t) can (as usual) be identified with the dual

space of A RUAR ... AR Jlt,, and has a dual A-module structure
(in addition to the one described above) defined by

©) (A8) (A, ..., A) =E(Ay, ..., Ary, AL A),
CAA, ..., A)=E(A, ..., A) A.
This process can be applied, with on replaced by the module C2 (%, o)
defined in (8), to give C* (U, C” (A, o)) the structure of a dual A-module.
The equation

‘g (A1’ c ey A/H—]!) = a (AJ’ ceey Ak) (A/H—l’ ) Ak+11)

defines an isometric linear isomorphism ¢ — £ from C* (U, C7 (A, IN))
onto Cf+7 (U, on). This isomorphism is weak * bicontinuous, since it is
the adjoint of the natural isomorphism between the appropriate predual
spaces, arising from the associativity of tensor products. It can therefore
be used to transfer the dual A-module structure from C* (A, C7 (A, MN))
to Ck7 (A, o). When this is done, the module operations are given by

[ (AE) Ay, oo Akep) =5 (AL oo Ave, Ar AL Ak ooy Adry),
CA) (A, ..., Arrp)
= E (Al’ L) AK‘, AAk—)—l, A/H—‘Z’ L] AIH»]?)
(10) p—1
WY EAs o Al A Ak s Ak Ak -5 Akiy)

j=1

+ (_ 1)p & (Ah L) Ak; A9 A/\'+1’ ey Ak+p—1) Ak+p

for £ in C k+7(U, on) and A, A, ..., As., in A

If on is a two-sided dual module for a Banach algebra 9, and 9t is a
weak * closed UA-submodule of J1, then 9T is itself a dual 2A-module;
for gt is (isometrically isomorphic to) the dual space of a quotient space
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of 0it,, and the weak * topology on 9t coincides with its relative weak *
topology as a subspace of .

THEOREM 4.1. — If & is a closed amenable subalgebra of a Banach algebra
A, M is a two-sided dual N-module and o = Z* (A, ), there is a % in
C' (U, M) such that

(p—A) (A, ..., A4,) =0 ifanyoneof A,, ..., A, lies in G.

Proof. — We construct, inductively, ¢, ..., £ in C*~' (%, o) such
that (0 — A &) (Ay, ..., A)) =O0ifanyoneof A,, ..., A;liesin @3. The
conclusion of the theorem then follows, with ¢ = &,.

To constructs £,, we consider C?~' (U, M) as a dual A-module (hence,
also, a dual 3-module), with the structure defined by (8) when p = n —1.
We define ¢ in C} (@, C*~"' (A, o)) by

0B)(As ..., A) =p (B, Az, ..., An) (Be®; A, ..., A, eN).
By use of the coboundary formula and (8), we obtain

0 = (Ap) (Bo, By, Ao, ..., A)
= (B, 3 (B)) — 8 (B, B,) + 3 (B) B.) (As, - .., A,

for all By, B, in @ and A,, ..., A, in A. Thus o€ Z} (B, C?~' (A, M)).

Since 3 is amenable, there exists £, in C?~' (U, M) such that
0(B) =Bt —&t B(Be®). With Bin & and 4., ..., A, in A, we
deduce from (8) that

0(B, Ay ..., Ay) = 3 (B) (Au, ..., Ay)
= (B&) (A, ..., Ay))
= (AL) (B, Ay, . .., A).

(i1 B) (A'Z, CEY An)

This proves the existence of a suitable cochain &,.

Suppose now that 1 =< k < n, and a suitable cochain Z; has been
constructed. With p — Af; denoted by o,

(11) (A, ..., A,) =0 ifanyoneof A, ..., A;liesin &.

In order to continue the inductive process (and so complete the proof of
the theorem), it suffices to contruct ¢ in C%~'(%, Jit) such that
c—A7 [=0—AE + ) =0—A%,, with & =& + ¢ vanishes
whenever any one of its first k 4+ 1 arguments lies in 3. To this end, we
consider C*~' (U, o) as a dual A-module (hence, also, a dual @3-module),
with the structure defined by (10) when p =n—1—k. In the case
k = n—1, we have p = 0, and (10) is interpreted as (9).
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Let 9t denote the linear subspace of C!~'(2, On) consisting of all
cochains v satisfying the conditions

(12) (A, ..., A, y) =0 ifanyoneof A, ..., A;lies in a3,
and
(13) Bn(Ay, ..., A )] =n(BAy, A, ..., Auy),
(14) n(Ay, ..., 4, 1, A; B, Ajy, ..., Auy)
=n(Ay, ...,A;, BAj, Ajisy -5 Any)

whenever A, ..., A, €U, 1 Zj <<k ,and Be®. A routine argument
shows that 9t is weak * closed in C?~' (A, ON), and is a @B-submodule
of C!=' (U, o) [recall that the module structure is defined by (10)].
Thus 9t is a dual @&-module.

If neot, Ay, ..., A€W, 1 Zj=kand A;e®, it results from (12),
(13) and (14) that all terms but the j-th and (j + 1)-st in the formal expan-
sion of (An) (A,, ..., A,) are zero, while the two remaining terms have
sum zero. Thus

15) (An) (Ay, ..., A,) =0 if n€ It and any one of A,, ..., A; isin &.
We define ¢ in C} (®, C*~' (A, o)) by
OB (A, .., An) =0 (A4, ..., A, B, Apyyy ..., An).

From (11) and the relation (As) (A, ..., Atrr, B, Aprsy o0y, Ay) =0
(with A,, ..., A, in A, B in &, and one of 4,, ..., A; in &), it follows
that o (B) satisfies (12), (13) and (14). Thus ¢ (B)€ 3¢, and 0 € C} (&3, I0).
By use of the coboundary formula, (11) and (10), we obtain
0= (Ao)(As, ..., Ap, By By Apiy « .oy Any)

=(— 1) (B, 06 (By) — 6 (By By) + 0 (By) By) (Ay, ..., Auy),

forall B, B;in®and A, ..., A,_, in A. Thus 0€Z} (a3, ). Since 3
is amenable, there exists » in 9C[C C:~' (A, oM)] such that
0(B)y=Bn—nB(Be®). With A,, ..., A,y in A and B in &, it
follows from (12) and (10), that
An)(Ay, ..., Ak, By Apay « ooy Any)
=(—1D Ay, ..o, Arey, A B, Apyy o0, Apy)
—n(Ay, ..., Aks BAris Arisy ooy Apy) +. 0
+=n(Ay .oy Ak By Aty ooy Ansy Ay Any)
Fn(ly, .oy A By Aty -0y Any) An)
=(—1)t*Bn—nB)A ..., Any)
=(—DoB) (A ..., An)
=(—1fc(Ay ..., Ak, B, Ajysy ..., Apy).
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The last equation, together with (11) and (15), shows that, if { = (—1)¢»,
then ¢ — AZ vanishes when any of its first k 4+ 1 arguments lies in @.
As noted above, this completes the proof of the theorem.

5. Normal cohomology

Our main purpose in this section is to prove that, in a sense explained
below, H} (A, M) = H, (A, M) whenever A is a C*-algebra acting on a
Hilbert space #¢, and o is a two-sided dual normal A—-module. We
begin by stating two auxiliary results which slightly generalise
Lemmas 3.1 and 3.2 in [7], and are proved by the same methods.

Lemma 5.1. — If U is a Banach algebra with centre ¢, @ is a subalgebra
of €, M is a two-sided Banach A-module, 1 =~ k =< n, and » in Z! (A, o)
vanishes whenever any of its first k arquments lies in ®, then

0(As, ..., Ajy DAL Ajrsy ..., A) =D o (A, ..., An)

whenever 1 = j —k, De® and A,, ..., A,e.

Lemma 5.2. — If U is a Banach algebra with centre €, @ is a subalgebra
of €, M is a two-sided Banach N-module, n>1, and p in Z} (A, M)
vanishes whenever any of its arguments lies in @, then

0(As ..., A;,DA; Ajyry ..y A) =Dp (A, ..., A =0 (A1, ..., A) D

whenever 1 =j = n,De® and Ay, ..., A,eU.

Lemma 5.3. — Suppose that U is a unital C*-algebra acting on a Hilbert
space 4¢, ¥ is a finite subgroup of the unitary group of the centre € of A, M is
the subalgebra of ¢, generated (linearly) by ¥, and & is a closed amenable
subalgebra of W. If O is a two-sided dual normal A-module, > 1, and
o in Z!, (A, M) vanishes whenever any of ils arquments lies in 03, there is a
£ in C%— (A, ON) such that p — A% vanishes whenever any of ils arguments lies
in either @ or G3.

Proof. — Since ¥ is a finite group, it has a unique invariant mean .
With ¢ a mapping from % into O and @ : [, (¥, o) — Ot defined as
in [7] (Lemma 3.3), we have

E@=q" X0V

req

where ¢ is the order of ¥. We refer to x (¢) as the mean of ¢.

The argument that follows is closely analogous to the proof of [7]
(Theorem 3.4). With &, the zero element of C~' (U, o), we define
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iy v vy Enin C3 (U, ON), inductively, as follows. Having constructed &,
let 0 = p— A% [€Z7, (U, M)], and set

(16) n (A19 RS AIZ—1) - T1 2 V* g (A;, c ey A/;, V, Ak+1, IRy An—l),

req

so that n €C),~* (A, M) and n(Ay, ..., A,—y) is the mean of the
mapping
Vo> V¥a (A, ..., Ak V, Aty ooy Ani) 1 V01

We then define £, to be & + (— 1) n[eCl—' (A, O)]. Exactly asin
the proof of [7] (Theorem 3.4), we can show, by induction on k and making
use of Lemmas 5.1 and 5.2, that

a7) (p— A% Ay, ..., A) =0 if any oneof A,, ..., A; lies in @.
We claim also that
18) (p—A%) (Ay, ..., A)) =0 if any one of A,, ..., A, lies in &.

Once (18) is proved, the conclusion of the theorem follows, with £ = £,.
Since p vanishes when any of its arguments lies in @, (18) is equivalent to

19  (AL) Ay ..., A) =0 if any one of A,, ..., A, lies in &3.

This last condition is obviously satified when j = 0, since §, is the zero
cochain. With 0 < k < n, we make the inductive assumption that (19)
holds when j = k. In order to show that (19)is true also whenj = k + 1,
it now suffices to prove that

20) (An) (A, ..., A,) =0 if any one of Ay, ..., A, lies in @&,

since £y = & + (— 1) 0.
Since ¢ = p — A%,

21) o (A4 ..., A)) = 0 when any one of A,, ..., A, lies in &;

for p and A% both have this property (the latter, by our inductive assump-
tion). By considering (Ac) (Ao, ..., A,) when some A; is in 63, we deduce
from (21) that

22) Ayo(Ay ..., Ar) =040 A1, Ay, ..., Ay if Ajea,

O'(Ao, ceey A/'_z, Algi Aj, Aj_H, ooy An)
(23) =ag (Ao, ooy A/'_1, A/' A/_H, Aj+z, ey An)
if 0<j<n and A4,ea,

(24) ¢ (Ao, « vy Ansy Au s Ay) = (Aoy ..., An ) An if Aned.
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From equations (21), ..., (24) and the definition (16) of u, it follows
that

(25) 7m(Ay ..., Ar)=0 ifanyoneof Ay, ..., A,_, lies in &,
(26) Aom(Ay, ..., Au)) =1 (A0 Ay, A, ..., Anl) if Ajeda,

7 (AO, e ey Aj—‘l9 Ai~1 A/, Aj+19 IR Anhl)
(27) =" (A09 e ey Aj*h A/ A/+ly Aj+29 e ey An~l)
if 0<j<n—1 and A,ea,

(28) n (Ao, e A A An-1) =" (Ao, Ceey An_z) A,y if A, ,ea.

Each of equations (25), and (26), (27), (28) in cases where j 3¢ k in the
condition A; € @, follows from a single application of one of (21), ..., (24).
When j = k, (26), (27) and (28) each requires two applications of appro-
priate equations from (22), (23), (24), and use of the fact that A; V = VA,
for each Vin ?.

WithA4,, ..., A,inWand A, in & for some j, it follows from (25), ..., (28)
that all terms except the j-th and (j + 1)-st in the expansion of (An)
(Ai, ..., A,) are zero, while the two remaining terms have sum zero.
This proves (20), and completes the proof of the lemma.

Lemwma 5.4. — If ¢ is a faithful representation of a unital C*-algebra U,
@ is a closed amenable subalgebra of A, M is a two-sided dual normal
o (W)—-module, n>>1 and pe Z? (¢ (W), M), there exists ; in C:~" (¢ (A), M)
such that p — Aze€ Z7, (¢ (), M) and o — A% vanishes if any of ils argu-
ments lies in ¢ (33).

Proof. — Just as in the proof of [8] (Theorem 2.1), we way suppose
that ¢ (A) = AP, where U acting on 4¢ is the universal representation,
and P is a projection in the centre € of A—~. Thus ¢ (A) = AP and
o (A)y~ = A~ P. Let ¥ be the subgroup { I, 2P — I} of the unitary
group of C; so that the linear span of % is a subalgebra @ of ¢, containing
P. Note that o1t becomes a two-sided dual normal UA—-module, such
that Pm = m P = m (meJn) if the left and right actions of A~ on Mt
are defined by

(29) Am=APm, mA=mAP (Ae¥-, medn).

Since o is a faithful representation, @ P [= ¢ (#3)] is a closed amenable
subalgebra of A P. In view of Theorem 4.1, it is sufficient to consider
the case in which peZ? (A P, on), and p vanishes whenever any of its
arguments lies in @ P. It follows that p,, defined by

00 (Ai, .., A) =0 (AP, ..., AuP)  (Ay, ..., Are®)
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is in Z (A, M), and p, vanishes whenever any of its arguments lies in .
Since U acting on 4¢ is the universal representation, every norm continuous
mapping from U into O is ultraweak-weak * continuous; in particular,
p1 is (separately) continuous in this sense in each of its arguments [so
or€Zy, (A, M)]. By Theorem 2.3, p, extends to an element p, of
C:, (-, M). Since

(30) (A8) (A, .., Anr)) =0

whenever A, ..., A, €, it is readily verified (extending in one
variable at a time, as in the proof of [8] (Theorem 2.1)) that (30) holds
also when A, ..., A, lies in A~. Thus p,€Z: (A, M) and (by a
similar but simpler continuity argument, extending in one variable at a

time) 7, (A, ..., A,) =0 whenever A,, ..., A,€U~ and some A;
lies in @3.

By Lemma 5.3 (with %~ and g, in place of U and p respectively),
there exists &, in Cy* (A—, o) such that p, — AL, [eZ], (A, M)
vanishes whenever any of its arguments lies in either @ or @. Since
Pem, it follows, from Lemma 5.2, that

B E—A) A, . A =P e — AL (A -, Al
= (n—A%) (PA,, ..., PA,),

whenever A, ..., A,€A~. The faithful representation A — AP of A
is isometric, so we can define ¢ in C}~* (A P, 1) by

E(ALP, oo A P) = (Ar ooy An)  (Ar ...y Au €).

Thus, by (29),

(e —AE) (AL P, ..., A, P)
=0 (A, ..., A)) —A, PE(A,P, ..., A, P)
+:(A AP, AP, ..., A, P)— ...
+E(AP,...,A, P, A, A, P)FEAP, ...,Ar  P)A,P
=01 (A1, ..., A) — A1 B (A, ..., Ay)
+ i (AL Ay Ay o AY)— L
L5 (AL, o A, A AR) T (A, o, An) Ag
= (o — AL) (A4, ..., Ap).

Since this last quantity is zero when any A; lies in @&, p — A% vanishes
when any of its arguments lies in & P[= ¢ (3)]. Furthermore, it now
follows from (31) that p — At = (g, — A%,) | A P, the restriction to A P
of o, — A%, [€Z7, (U, M)]; and therefore p — AL e Zj, (U P, o).
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LeEmMma 5.5. — If ¢ is a faithful representation of a unital C*-algebra A
and O is a two-sided dual normal ¢ (W)—-module, then

B (9 (W), )N Z;, (9 (W), M) = B, (¢ (N, M) (n=1,2,...).

Proof. — Just as in the proof of the preceding lemma, we may assume
that A acting on ¢ is the wuniversal representation and that
9 (A) = AP (A € ), for some central projection P in A—. Furthermore,
It is a two-sided dual normal U—-module, with the action of A~ on I
defined by (29).

Suppose that pe Z, (A P, O1t) and p = A% for some £ in C!' (A P, ).
We construct p, in Z7, (2, on) and its extension p, in Z 2 (A—, o), exactly
as in the proof of Lemma 5.4. Furthermore, the equation

S (As .. Au) =E(AP, ..., A P) (Ay ..., An )

defines an element & of C.~' (A, On). Since A acting on 4¢ is the
universal representation, £, is (separately) ultraweak-weak * continuous
in each argument, so £, € C% ' (U, o). By Theorem 2.3, &, extends to

an element &, of C%' (A, ). It is readily verified that, for A,, ..., A,
in A
(B —AL) (A, .., A) =(p —A) (AP, ..., A, P)=0.

Since g, — Afe Z2, (A-, M), it follows from continuity that 7, = AZ,.
Hence p, = Af,, where p, in Z}, (A P, ) and &, in C}' (A P, o) are
obtained by restricting 5, and £, to A P (SA-P € A).

We assert that p, = p. For this, note first that p extends to an ele-
ment p of C7, (A~ P, Ot), by Theorem 2.3. With ¢ defined by o (44, ..., A,)
=0(AP, ..., A, P) when A, ..., A,eW~, o lies in C}, (A, M),
as does g;. Since | W =p, =7, | A, it follows by ultraweak-weak *
continuity that ¢ =p5,. With 4,, ..., 4,in ¥,

G (AP, ...,A,P)=c (A, P, ..., A, P)
=5(AP, ..., A,P)=0(A P, ..., A,P)

Thus p =5, | A P = p, = AL,.

We have now shown that, if pe Z7, (W P, O1t) and p = At for some £
in Cz— (A P, o), then o = A%, for some & in C; ' (A P, MN); in other
words,

Zy, (U P, M)nB; (A P, M)C B (AP, M).

The reverse inclusion is apparent, so the theorem is proved.
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Suppose U is a unital C*-algebra acting on a Hilbert space ¢, and o1t
is two-sided dual normal A—-module. For each p in Z7, (3, 1), the coset
e+ B (U, M) [e HY, (U, M)] is a subset of the coset p + B* (U, M)
[eH} (A, M)]. Hence there is a natural homomorphism

®: o4 B, U, M)—p + B} (A, M)

from H7, (A, o) into H: (A, on). This homomorphism is one to one
by Lemma 5.5, and has range the whole of H? (2, on) by Lemma 5.4.
We have therefore proved the following result.

THEOREM 5.6. — If W is a unital C*-algebra acting on a Hilbert space 3¢,
and M is a two-sided dual normal A—-module, then

H?, (0, 0% ~ H" (%, o).

Let ® be a von Neumann algebra. If it is the case that H}, (R, ®) =0,
then we have the following Tauberian result : if teC! (R, ®) and
AteZ’ (R, ®), then teC! (R, ®). To prove this, note that
AteZl, (R, R) = B}, (R, R), and so AL = A%, for some £, in C, (R, R).

Since A ({ —&,) =0, £ —E, is a derivation on ®, and so ultraweakly
continuous by [6] (Lemma 3). Thus ¢ —E&, €C}, (R, R), and

E=4 + E—t)ely (], R).
In fact, the Tauberian result is true for any von Neumann algebra .

We give two proofs, one based on the normal cohomology theory developed
in this section, the other exploiting the characterization of normal linear

mappings given in Corollary 3.4.
Lemma 5.7. — If ® is a von Neumann algebra, € C! (R, R) and
Ate Z2, (R, R), then £ C}, (R, R).

First proof. — Since AteZ? (R, R)NB. (R, R), it follows from
Lemma 5.5 that Af = A%, for some &, in C}, (R, ®). The argument,
used in the paragraph preceding the statement of Lemma 5.7, now shows
thatte C,.} (R, R).

Second proof. — By Corollary 3.4, it is sufficient to show that, if (E«)
is an orthogonal family of projectionsin ®, and E = Z E., then 2'& (Es)
converges ultraweakly to ¢ (E). By adding I — E to the family (E.),
we may assume that £ = ZE“ = I. All the finite subsums of ZE (Ex)

lie in the ball in ] with centre 0 and radius {| £ [|. The ultraweak topology
on this ball is determined by the linear functionals w., : A -~<{ A x, y>
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on R, where y lies in the dense linear subspace generated algebraically
by the ranges of the projections E,. It is therefore sufficient to show that

M EE)zy> =Dy

for such y; equivalently, that ZE@E (E) converges ultraweakly to
Egt (I), for each 3. Now

Eg £ (Ea) = (A%) (B, Ey) + E(Ep E2) — £ (Ep) E..

Since A is ultraweakly continuous in its second argument, we have
N Egt (Bx) = (M%) (Eg, I) + & (Eg) — £ (Ep) = Eg £ (1),

proving the lemma.

ReMARK 5.8. — The second proof of Lemma 5.7 did not need the full
force of the assumption that Afe Z}, (R, R), since no use was made of
the ultraweak continuity of £ in its first variable. By reasoning very
similar to the second proof of LLemma 5.7, one can show that, if
peZl (R, R) and p is ultraweakly continuous in one variable, then
it is (separately) ultraweakly continuous in both variables [whence,
pEZL (R, ®)].

For higher cohomology, the obvious analogue of Lemma 5.7 is false.
For example, if p = Az with £ in C} (®, R), but not in C}, (R, R®), then
p€C? (R, R) and Ap (= A% = 0) lies in Z}, (R, ®); but, by Lemma 5.7,
pg C, (R, R).

6. Applications to norm continuous cohomology

Tueorewm 6.1. — If A is a unital C*-algebra acting on a Hilbert space
3¢, and I is a two-sided dual normal A—-module, then

Hr (U, 0m) ~ H? (A, M) (n=1,2, ...).

Proof. — It follows, from Theorem 2.3, that, for n =1, 2, ..., the
restriction map t, : n—7n|%U is a one to one linear mapping from
cr (U=, m) onto C, (U, o). Moreover, t, A = A,y (n=1, 2, ...),
provided ¢, is interpreted as the identity mapping on Jit [= C; (U, IN)].
Thus t, maps Zj, (Y-, ) onto Zj, (A, M), B (A, M) onto
B;, (U, o), and so induces an isomorphism between the quotient
spaces H7, (U, o) and H}, (A, On). This, with Theorem 5.6, shows
that H” (W, ) ~ H? (A, MN).
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COROLLARY 6.2. — If a von Neumann algebra R is the ultraweak closure
of an amenable C*-subalgebra W, then H} (R, M) =0(n=1, 2, ...)
for every two-sided dual normal ®-module .

Proof. — Since U is amenable, H (A, M) =0(n =1, 2, ...); so the
result follows from Theorem 6.1.

CoroLLARY 6.3. — If a von Neumann algebra R is the ultraweakly
closed linear span of an amenable subgroup ¥ of ils unitary group, then
H} (R,M)=0(n=1,2,...) for every two-sided dual normal ®R-module .

Proof. — The norm closed linear span of 2 is an amenable C*-algebra U
([5], Proposition 7.8; [8], Theorem 3.3). Since A~ = R, the result
now follows from Corollary 6.2.

The following result generalises [8] (Theorem 3.1).

CoroLLARY 6.4. — If R is a hyperfinite von Neumann algebra, and
JIL is a two-sided dual normal ®-module, then H} (R, M) = 0 (n=1, 2, ...).

Proof. — Since R is the ultraweak closure of a uniformly hyperfinite
C*-subalgebra %, and (as noted in Section 4) such an algebra 2 is amenable,
the result follows from Corollary 6.2.

COROLLARY 6.5. — If R is a type I von Neumann algebra, and I is
a two-sided dual normal ®-module, then H? (R, M) =0(n=1,2, ...).

Proof. — We can express R in the form 2 @ ®; Q ¢;, where each ®;
is a type I factor and each €; is an abelian von Neumann algebra. By
choosing a self-adjoint system of matrix units in ], we associate with
each element of ®R; an infinite matrix. Given a finite subset F' of the
diagonal matrix units, we denote by & (F) the group of all unitary
elements in ®; whose matrices have + 1 in the diagonal position of each
column corresponding to a diagonal matrix unit not in F, a single entry
- 1 somewhere in each other column, and zeros elsewhere. Since W (F)
is finite and ¢ (FyU F5) contains 29 (F,) and W (F,), the union w; of
all 2w (F)’s is an amenable group ([2], (F), p. 516). Moreover, the linear
span of W contains each matrix unit and is therefore ultraweakly dense
in ®;. With U; the (abelian) unitary group of ¢;, and

V,={WQU:Wew,, Ueu, |,

?7; has linear span ultraweakly dense in ®; ® €;. As a group, ¥; is
isomorphic to the direct product 20; x al;, and is therefore amenable
(2], (H), (E), p.516). Finally, let ¥’ be the group of all unitary elements
2 @ V;in R for which each V; lies in ; and all but a finite set of V,’s are
I. The linear span of ¥ is ultraweakly dense in R, and ¥ is amenable
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since it is isomorphic to the restricted direct product of the %,’s
([2], (F"), p. 517). By Corollary 6.3, H} (R, o) = 0.

For the case in which 01t = R, the result of Corollary 6.5 was first
proved in [7] (Theorem 4.4) : another proof, by quite different methods,
was given in [5] (Proposition 7.14). This latter argument can be applied,
virtually unchanged, to give an alternative proof of Corollary 6.5 in
its present generality.

We conclude by noting the following consequence of Theorem 6.1
and Corollary 6.5 : if % is a unital C*-algebra acting on a Hilbert space
¢, A~ is a type I von Neumann algebra and o1 is a two-sided dual
normal 2—-module, then H} (%, o) = 0. In particular, H? (A, A~) = 0
and Hf (U, 3 (#) =0 n=1, 2, ...).
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